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Executive Summary of Year 1 Effort 
A stabilized interface formulation is developed for strong discontinuity at finite strains 
across general bimaterial interfaces by embedding stabilized Discontinuous Galerkin (DG) ideas 
in the Continuous Galerkin method. Introducing an interfacial gap function that evolves subject 
to constraints imposed by opening and/or sliding interfaces, the proposed Variational Multiscale 
DG (VMDG) method seamlessly tracks strong discontinuity and interface debonding by treating 
damage and friction in a unified way. An internal variable formalism together with the notion of 
irreversibility of damage results in a set of evolution equations for the gap function. Evolution of 
the debonding surfaces requires interfacial stabilization that is developed based on residual-based 
stabilization concepts. Tension debonding, compression damage, and frictional sliding are 
accommodated, and return mapping algorithms in the presence of evolving strong discontinuities 
are developed. A significant contribution in this work is the consistently derived method to 
model the Lagrange multiplier field via interfacial flux and jump terms and variational 
embedding of various nonlinear interfacial debonding models at the interfacial boundaries. This 
derivation variationally embeds the interfacial kinematic models that are crucial to capturing the 
physical and mathematical properties involving large stains and damage. A set of representative 
test cases highlight the salient features of the proposed VMDG method and confirm its 
robustness and range of applicability. 
1. Introduction 
Accurate modeling of evolving discontinuity and interfacial debonding that leads to local 
failure in natural and engineered material systems constitutes an essential building block for high 
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fidelity computational material modeling frameworks. A common classical approach for this 
class of problems that involve local failure and separation is the use of intrinsic cohesive 
elements or springs along the bimaterial interfaces; see e.g. [1,6,15,17,39]. It is however well 
documented in the literature that these formulations typically introduce an additional elastic 
stiffness at the interface that upsets the consistency of the discrete formulation, thereby resulting 
in inaccurately representation of the multi-material interfacial configuration. Numerical tests 
show that loss of consistency can result in serious degradation in the accuracy of the simulations 
[6]. As an alternative approach that avoids artificial compliance, the extrinsic cohesive zone 
method [7,20,26,53] adaptively inserts interface elements into contiguous meshes when a 
fracture criteria is met in the neighboring solid elements. Later developments [49] using the 
extended finite element method (XFEM) enable the failure surface to grow through elements. 
However, the insertion of cohesive elements adds degrees of freedom to the global stiffness 
matrix, requiring special data structures for adaptivity in the finite element software. 
On the other hand, kinematic treatment of embedded interfaces has been carried out in the 
context of Lagrange multiplier methods [14,20], as well as Nitsche type methods 
[1,2,11,12,10,13,34] that can be categorized as a class of primal methods [8]. Lagrange 
multiplier based methods, though general, and applicable to linear as well as nonlinear material 
systems, render the resulting method a mixed-field method. Numerical schemes for mixed-field 
methods require stabilized methods if arbitrary combinations of interpolation functions are to be 
employed for the underlying fields. Nitsche type methods on the other hand do not introduce an 
additional field to be approximated, but they require specification of interfacial continuity 
parameters which are not always easy to define especially in the general nonlinear regime [10].  
A third approach for the treatment of the failure models is based on the hybrid DG method 
[25,30,35] which has also been employed in fracture mechanics [32,52]. In this approach, 
discontinuous Galerkin (DG) method is used in the pre-failure regime together with a standard 
cohesive zone approximation to perform the post-failure process. In this particular method, the 
stiffness matrix and the underlying mathematical formulation changes when switching from the 
pre-failure to post-failure regime. Yet another approach by Belytschko and coworkers [52], 
employs Cohesive Zone Method (CZM) embedded in the XFEM method to model transition 
between perfectly adhered to fully debonded regimes via some properly chosen enrichment 
functions. This approach requires carefully selected point-wise consistency conditions for the 
initiation of the new degree of freedom [52]. 
With the objective of developing a general framework for local failure at material interfaces, 
we derived a Lagrange multiplier method, in the context of small strains, for continuity of fields 
across embedded interfaces [44]. In this method Lagrange multipliers manifested interfacial 
traction field. This idea was further enhanced in [43] wherein interfacial Lagrange multiplier as 
well as the penalty parameters were fully derived via sub-scale modeling concept facilitated by 
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the VMS ideas [16,22]. In an allied effort a finite strain interface formulation for multi-material 
interfaces in the finite strain regime was developed by us in [42]. However local failure in the 
form of strong discontinuity was not considered. Numerical tests with primal interfacial 
formulation [42] revealed that the success of the method in the finite strain regime relied heavily 
on the consistent evolution of the interfacial stabilization parameters, and consequently, the 
variational structure of the sub-grid scale modeling problem was crucial to the derivation 
presented. This paper builds on Lagrange multiplier enforcement of continuity and derivation of 
Nitsche parameters in [44] with variationally consistent derivation of interfacial stabilization 
parameters in [42] for local interfacial failure and appearance of strong discontinuities. A crucial 
component of this derivation is the modeling of fine scales in the neighborhood of element 
interfaces. These ideas have similarities with certain aspects of Weak Galerkin methods by Wang 
and co-workers [27-29, 50]. Weak Galerkin method makes use of discontinuous functions that 
endows WG-FEMs with great flexibility to deal with geometric complexities and boundary 
conditions. These methods have been applied to interface problems [28] wherein flexibility of 
using discontinuous functions gives rise to robustness in the enforcement of interface jump 
conditions and therefore has been used to develop methods for handling discontinuous 
approximation functions. However, while the edge restricted functions that are used in Weak 
Galerkin appear similar to the fine scale field in the present formulation, the derived solution of 
the fine scale problem depends on the interior support of the fine-scale field.  
To keep the discussion self-contained, we first present the synopsis of the stabilized 
formulation for finite strain interface without damage [42]. We then introduce the notion of 
inelastic residual gap ζ  in the formulation to restrict the continuity along the interface. The 
key underlying idea is that the residual gap or separation along the interface is treated as an 
irrecoverable or inelastic strain-like variable which evolves with the debonding process. We then 
present a thermodynamically consistent formulation analogous to the variational constructs for 
bulk domain inelasticity discussed in [36] wherein the residual gap ζ  is conjugate to the 
interface traction T , thereby incorporating hardening/softening variables. This methodology is a 
slight departure from the method of [44] and enables the treatment of interface constitutive 
behavior through yield functions and flow rules that are inspired by the literature from plasticity. 
In the present method the combination of damage and friction along the debonding surfaces is 
easily accommodated by borrowing concepts from multi-surface plasticity [36]. Also, rate 
dependency and other advanced phenomena can be easily treated in the new framework. 
Specially, the proposed method avoids using cohesive elements that can introduce artificial 
elastic interface stiffness that affects the consistency and therefore the stability of the method. 
With the fine-scale models evolving with the material and geometric nonlinearity exhibited in the 
vicinity of the interface, the algorithmic interface parameters are updated continuously through 
the evolution of the nonlinear problem. Furthermore, the proposed method provides a general 
framework to incorporate friction, rate-dependency, and softening, as desired. 
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An outline of the report is as follows. In section 2, we begin with the governing equations of 
finite strain elasticity with strong discontinuity and an internal variable ζ  associated with 
damage. Next, we derive the stabilized weak form for interfacial debonding in multi-constituent 
materials by employing the sub-grid scale modeling concept facilitated by the VMS method, but 
restricted to narrow zone across the bimaterial interfaces. In section 4, the appearance of the gap 
function in the expression for the Lagrange multiplier and therefore in the evolving finite-scales 
provides a natural mechanism to embed physics based models [23,44] as well as 
phenomenological models [42,46] for progressive failure under various loading scenarios [1,44]. 
In section 5, specifically, tension debonding and evolution of normal gap, and compressive 
frictional sliding are presented and algorithmic generalizations are developed. Corresponding 
return mapping algorithms that are motivated by the literature on computational inelasticity [36] 
are discussed. An essential ingredient for a robust numerical method for finite deformation 
kinematics in the finite strain regime is the derivation of the consistent tangent that can yield 
quadratic convergence when employed in conjunction with the Newton-Raphson scheme. 
Therefore, Section 6 presents consistent linearization of the stabilized method. Finally, Section 7 
presents a series of numerical test cases that validate the method and show its range of 
applicability.  
2. Governing Equations and Interfacial Weak Form for Strong Discontinuity 
Evolving interfaces between elements in the finite deformation context, where interfaces not 
only undergo finite deformation but can also develop interfacial gaps, are shown in Figure 1. Our 
earlier work in [42] presents the equilibrium equations at finite strains, but with no openings or 
gaps. Further extensions to frictional interace dynamics are presented in [46]. Interested readers 
are referred to these two papers for detailed discussions. In this work, an open bounded region 
sdnΩ ⊂   is cut into two disjoint regions (1)Ω  and (2)Ω  by an interface IΓ . Points in the 
reference configuration are denoted by (1) (2)∈ Ω ΩX   and their corresponding images in the 
current configuration by x . Herein, the superscript ( )α  denotes quantities appearing in both 
regions 1 and 2. The two bodies deform according to the motion ( )( ) ,tα Xφ  that maps the 
reference configuration onto the current configuration, ( )( ) ,tα=x Xφ .  
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(a)                                 (b)  
Figure 1. Domain Ω  with interface IΓ . The deformed configurations are given by (1)φ  
and (2)φ : (a) Reference configuration; (b) Current configuration. 
We allow the deformations ( )αφ  to be distinct along the interface IΓ  to accommodate the 
existence of the interface gap or debonding ζ  as illustrated in Figure 1-b. The interior domains 
(1)Ω  and (2)Ω  remain self-compatible and self-equilibrated within each sub-region. Equilibrium 
equations and boundary conditions for each sub-region ( )αΩ  are supplemented with the 
discontinuity evolution equation and the traction conditions along IΓ  via the Lagrange 
multiplier field λ, thereby resulting in the following system of equations for the composite 
domain Ω . 
 ( )( ) ( ) ( ) ( ) ( )DIV in , 1,2oα α α α αρ α+ = Ω =0P F B  (1) 
 ( ) ( ) ( ) Ion \ , 1,2α α α α= Γ Γ =Xφ  (2) 
 (1) (2) Ion− = Γζφ φ  (3) 
 (1) (1) Ion− ⋅ = Γ0λ P N  (4) 
 (2) (2) Ion− ⋅ − = Γ0P N λ  (5) 
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Equation (3) facilitates non-conforming evolution of the interfaces that are subject to 
impenetrability constraint and phenomenological and/or physics based interfacial kinematics. In 
(1) to (5), ( )αP  is the first Piola-Kirchhoff stress tensor, ( )αB  is the body force vector, ( )oαρ  is 
the mass density, and ( )αN  is the unit outward normal vector at the region boundary IΓ . 
Homogeneous Dirichlet boundary conditions are applied for simplicity of presentation but they 
can be easily generalized [42]. Lagrange multiplier λ is introduced to enforce the equilibrium of 
tractions (4) – (5) while the two subdomains are fully or partially bonded; the multipliers vanish 
identically upon complete debonding. The case of multiple interfaces can be accommodated by a 
straightforward generalization.  
Multiplying equilibrium equations (1) to (5) by weighting function ( )oαη  and applying the 
divergence theorem, the associated weak form is expressed as follows: Find 
{ }(1) (2) (1) (2), , ∈ × ×λφ φ     such that for all { }(1) (2) (1) (2), ,o o μ ∈ × ×η η    : 
  ( ) ( )
I
2 2
( ) ( ) ( ) ( ) ( )
1 1
GRAD : d d d 0o o o oV V Aα αα α α α α
α α
ρ
Ω Ω Γ
= =
− ⋅ − ⋅ =   η P B η λ η  (6) 
  ( )
I
d 0A
Γ
− ⋅ − = μ ζφ  (7) 
As mentioned earlier in [42], the Lagrange multiplier field λ in (6) has the connotation of 
the traction field on IΓ . Eqn. (7) weakly enforces the jump continuity where   ( ) ( )(1) (2)= −    
is the jump operator defined for vector-valued fields at interface IΓ . The inelastic gap function 
or debonding function ζ  is set to lie in the ( ) sd2 I nL Γ    space. The appropriate function spaces 
contained in the weak forms (6) and (7) are given as: 
 ( ) ( )( ){ }sd ( ) I( ) ( ) ( ) 1 ( ) ( ) ( ) ( ) ( )\, det 0,nH αα α α α α α α αΓ Γ = ∈ Ω > =  F Xφ φ φ φ  (8) 
 ( ){ }sd ( ) I( ) ( ) ( ) 1 ( ) ( ) \,no o o oH αα α α α α Γ Γ = ∈ Ω =  0η η η  (9) 
 ( ) sd12 I
n
H −  = ∈ Γ   λ λ  (10) 
3. Multiscale decomposition 
Our objective at this point is to convert the preceding Lagrange multiplier formulation (6) 
and (7)  into a stabilized single-field formulation for the evolution of interfacial debonding in 
the finite deformation context. Interested reader is referred to [42] for details of the primal 
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interface formulation without damage and for the advantages of the single field formulation in 
the context of the inf-sup stability conditions. For the sake of completeness, we highlight the 
significant steps to variationally derive the method for evolving gaps and debonding. 
Following the work in [24,42], we decompose the solution field into coarse-scale and 
fine-scale fields. We assume an overlapping decomposition of the deformation map ( )αφ  in each 
region ( )αΩ  consisting of a fine-scale deformation ( )αφ  superimposed upon a coarse-scale 
deformation ( )ˆ αφ . This deformation can be expressed in terms of the multiscale displacement 
field as follows: 
 ( )ˆˆ ˆ= +x = X X uφ  (11) 
 ( ) ( )ˆ ˆ, ,t t= + = = + =x x u X X u x φ φ  (12) 
From (11) and (12), we arrive at a relation between the total displacement and its coarse and 
fine-scale displacement components as follows: 
 ˆ= +u u  u  (13) 
As in our recent developments [23], the coarse-scale field ( )ˆ αφ  is represented using piecewise 
continuous finite element functions in each region ( )αΩ , and the fine-scale field ( )αφ  is 
represented locally at the interfaces via functions of compact support.  
Although the displacement field is assumed additively decomposed, and in the nonlinear 
regime this decomposition is to be viewed in the sense of mappings, the Lagrange multiplier 
fields are not decomposed. Therefore weak enforcement of jump continuity only contributes to 
the coarse-scale model. Accordingly, the weak forms (6) and (7) can be separated into the 
following multiscale interface sub-problems: 
Coarse-Scale Problem   
 
( )
 
( )
I
2
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1
ˆˆ ˆ ˆ ˆ; , , GRAD : d
ˆ d 0
o o o o
o
R V
A
α
α α α α α α α α
α
ρ
Ω
=
Γ
 = − ⋅ 
− ⋅ =


η λ η P η B
λ η
φ φ
 (14) 
 ( ) ( )
I
( ) ( )ˆ ˆˆ , , , d 0R Aα αμ Γ= − ⋅ − =μ ζ μ ζ     φ φ φ φ  (15) 
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Fine-Scale Problem   
 
( )
 
( )
I
2
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1
ˆ; , , GRAD : d
d 0
o o o o
o
R V
A
α
α α α α α α α α
α
ρ
Ω
=
Γ
 = − ⋅ 
− ⋅ =


η λ η P η B
λ η
   

φ φ
 (16)  
As discussed in [42], our objective at this point is to derive an analytical expression for Lagrange 
multipliers in terms of the coarse-scale deformation map ( )ˆ αφ  and the inelastic gap ζ  as the 
two unknown fields. The detailed procedure is provided in [42], which is comprised of three step 
modeling process. In the following sections we outline the main steps of the modeling process. 
3.1.  Modeling of fine scales 
We localize the fine-scale problem (16) to the vicinity of the interface and approximate the fine 
scales using edge bubble functions that are only supported within the sectors next to the interface 
segments. We express fine scales via edge bubble functions as follows: 
 ( ) ( ) ( ) ( ) ( ) ( ),s s o s sb bα α α α α α= =β η γ φ  (17)  
In the interest of brevity, the reader is referred to [42] for the details on the localization procedure. 
The method proposed in [42] is general and therefore applicable to nonconforming meshes as 
well. However, our present work on evolving debonding is particular to conforming meshes, so 
the segments are simply the intersecting/adjacent element boundaries.  
The next step is the linearization of (16) with respect to the fine scales ( )αφ . Because the 
fine scales are localized to the interface, after the linearization of (16), the fine-scale field is 
treated as an incremental displacement ( )αΔu  field about the coarse-scale deformation ( )ˆ αφ  
along the interface: 
 ( ) ( )( )2 ( ) ( ) ( ) ( ) ( ) ( )
1
ˆˆGRAD : :GRAD d ; , ,o s oV Rα α α α α α αω
α =
Δ = − 0η F u η λ  φA  (18)  
where the acoustic tensor of material moduli ( )( ) ( )α αFA  is defined as: 
 ( ) 2 ( )( ) ( ) W αα α ∂= ∂ ∂F F FA  (19)  
We solve (18) by substituting the expression for fine scales (17). The detailed procedures for 
solving the fine-scale solution are provided in [42]. A key property of the method is that the 
expression for the fine-scale solution ( )αΔu  remains unchanged when compared with [42]: 
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 ( ) 1( ) ( ) ( ) ( )1s αα α α α− Δ = ⋅ − − ⋅ u τ λ P N  (20)  
where:  
 ( ) ( )21( ) ( ) ( )meas d
s
s s s sb A
α α α
γ
γ −=    τ τ  (21) 
 ( )
1
( ) ( ) ( ) ( )GRAD : : GRAD d
s
s s s Vα
α α α α
ω
− 
=   τ b b A  (22)  
An important point to note is that the residual based fine-scale solution incorporates the 
effects of evolving geometric and material nonlinearity on either side of the interface via the 
acoustic tensor ( )( ) ( )α αFA  that appears in the expression for the stability tensors ( )sατ [42]. 
These dependencies play a key role in the properties of the numerical flux derived below.  
Remark. The fine-scale derivation is based on a two-step process: localization and then 
linearization, as in [42] and [43] in the finite strain regime. One can also refer to [45] for 
evolution of the fine scales for different PDEs. The distinction emerges in the derived form of the 
Lagrange multipliers that account for the gap function ζ . 
3.2.  Variational embedding in the coarse-scale problem with strong discontinuity 
We now focus on the continuity equation (15) in order to obtain an expression for the Lagrange 
multiplier field λ . Following [42, 46], we substitute the fine-scale model (20) and the multiscale 
decomposition (11) – (13) into (15). Assuring 2L  projection of λ  and locally satisfying the 
resulting equation for all values of the multiplier μ , an explicit form is obtained for the 
interfacial traction λ : 
 ( )(1) (1) (1) (2) (2) (2) ˆs s s = ⋅ ⋅ − ⋅ ⋅ − ⋅ − λ δ P N δ P N τ ζ   φ  (23)  
where ( ) ( )s s sα α= ⋅δ τ τ  is the flux weighting tensor consisting of the stabilization tensor from both 
subdomains, and ( ) 1(1) (2)s s s −= +τ τ τ . 
By substituting λ  into (20), a simplified expression for the fine scales results is as follows: 
 ( ) ( )( ) (1) (1) (2) (2) ( ) ˆ1 Ts sαα α Δ = − ⋅ + ⋅ − ⋅ − u δ P N P N + δ ζ    φ  (24) 
where the last term contains the inelastic gap term, which is a significantly distinct feature as 
compared to the expression for the fine-scale field in [42]. Furthermore, the symmetry of the 
tensors 
( )
s
ατ  and sτ  has been employed to enable the substitution 
( ) ( )T
s s s
α α
= ⋅δ τ τ . Also, the 
additional stability tensor sδ  in (24) is form identical to the one in [42]: 
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 ( ) ( )1(1) (2)2s s s s s= ⋅ = ⋅δ τ δ τ δ  (25)  
It is important to note that the expression for Lagrange multiplier λ  naturally accommodates 
the gap function ζ . Since evolution of gap function is governed by kinematic constraint 
conditions in addition to evolution models dictating the evolution of ζ , the micromechanical 
physics manifested via these models is fully embedded in expression (24) for λ . This is a 
significant contribution of the present work and sets it apart from any numerical methods that 
have been proposed for interfacial kinematics of finitely deforming embedded interfaces with 
evolving gaps and discontinuities. Namely, the consistently derived numerical flux λ  contains 
a-priori the ability to represent strong discontinuities, rather than methods which transition to 
debonding by adaptively inserting interface elements as in extrinsic methods or by changing 
algorithmic parameters from 0 to 1 as in hybrid methods. We wish to emphasize that the 
proposed consistent derivation that variationally embeds the interfacial kinematic models is 
crucial to the derivation of consistent tangent tensors that are fundamental to obtaining quadratic 
convergence rates when employed in the Newton Raphson method.  
Remark. Note that by adding the inelastic gap ζ  function in (3), the first term in (24) which is 
the average traction term does not change with respect to the form presented in [42]. 
Furthermore, the structural form of the stability tensor sτ  and the fine-scale stabilization tensor 
( )
s
ατ  are not altered by the introduction of the ζ  term. Short of the strong discontinuity 
capturing term ζ , the structure of the interface stabilizing terms can be traced through the VMS 
derivation back to the Galerkin least-squares inspired methods in the linear field context [4,9]. 
Incorporating the expressions for λ  (23) and the fine-scale fields ( )αΔu  (24) in the linearized 
coarse-scale problem (14) yields the following stabilized interface formulation for finite 
deformations: 
 
( )
  { } ( ){ }  ( )
   ( ) ( )  
( )
I
I I
2
( ) ( ) ( ) ( ) ( ) ( ) ( )
1
, GRAD : d
d GRAD : d
d GRAD : d 0
I
o o o o
o o
o s o s
R V
A A
A A
α
α α α α α α α
α
ρ
Ω
=
Γ Γ
Γ Γ
 = − ⋅ 
− ⋅ ⋅ − ⋅ ⋅ −
+ ⋅ ⋅ − − ⋅ ⋅ ⋅ ⋅ =

 
 
η η P η B
η P N η N ζ
η τ ζ η N δ P N  
φ
φ
φ
A
A
 (26)  
where ( ) ( ) 11 1(1) (2)s s s −− − = +  δ τ τ  is the derived stability tensor for the traction jump term, 
( ){ } ( )( ) ( ) ( )( ) ( )1 21 2⋅ = ⋅ − ⋅N N N    is the defined as the weighted average  flux operator, and 
( ) ( )( ) ( ) ( )( ) ( )1 21 2⋅ = ⋅ + ⋅N N N      is defined as the jump operator. The traction jump term, 
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which emerges also in previous derivations for small strain [45,46] and large strain [42], is a 
distinguishing feature with respect to Nitsche and interior penalty Discontinuous Galerkin 
formulations for small [2,3,34] and large [31] strains. We remark that this term is most 
significant when the traction jump  ⋅P N  is large, such as models with large material 
mismatch or element size changes across an interface. However, we choose to simplify the 
formulation by neglecting this term as in [42,46], leading to a formulation structurally similar to 
typical DG methods with all parameters consistently derived: 
 
( )
  { } ( ){ }  ( )
   ( )
( )
I
I
2
( ) ( ) ( ) ( ) ( ) ( ) ( )
1
, GRAD : d
d GRAD : d
d 0
I
o o o o
o o
o s
R V
A A
A
α
α α α α α α α
α
ρ
Ω
=
Γ Γ
Γ
 = − ⋅ 
− ⋅ ⋅ − ⋅ ⋅ −
+ ⋅ ⋅ − =

 

η η P η B
η P N η N ζ
η τ ζ
φ
φ
φ
A  (27)  
The stabilized residual form (27) has the inelastic gap ζ  term inside the integral expression 
which plays a key role in the evolution of strong discontinuity or interfacial damage. 
Variationally consistent updating of these stabilization tensors results in a stabilized formulation 
that leads to a robust numerical method as shown via numerical test cases in Section 7. 
Remark. The interface formulation presented in (27) is symmetric. For further simplification of 
the residual form (27), the interested reader is referred to [43] which suggests several 
generalizations along with insights into the efficiency of such modifications. 
Remark. The present derivations are restricted to hyperelastic material response in each solid 
domain ( )αΩ . Material inelasticity can be accommodated by extending the developments in [47] 
for a symmetric, small strain, elastoplastic DG method. 
Remark. As seen in (24) the numerical flux contains a priori the ability to represent strong 
discontinuities which sets it apart from other interface numerical methods.  
4. Constitutive Models for Progressive Debonding and propagating Strong 
Discontinuity along the Interface 
With the variational structure of the edge-stabilized finite-strain interfacial model in hand, we 
now concentrate on the kinematic models for strong discontinuity or the interfacial damage 
phenomenon under various loading conditions. These models are based on the notion of 
irreversible damage evolution and consequently are inspired by the internal variable formalism 
employed in computational inelasticity literature [36]. We develop evolution equations for the 
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gap function that model interfacial separation and/or sliding, via Kuhn-Tucker complementary 
conditions from constrained optimization theory. Specifically, the discrete damage evolution or 
flow rule for the residual gap ζ  and the material softening/hardening parameter Q are derived 
in a manner analogous to the variational treatment of elastoplasticity as presented in [36,44]. In 
contrast to cohesive element method [1,15,25,32,44], we use an incremental approach to develop 
the evolution equation or flow rule for each internal variable [21,41]. Accordingly, the total free 
energy of the multi-constituent material domain at time ] [0,t T∈ =  incorporating both bulk 
material and interfacial energies can be expressed as: 
 
( ) ( )( ) ( ) ( )( )( ) ( )( )
( )
I
2
1 2
1
1
, , ,
1
2
t t t t t t ext t
t t t t
W dV
dA
α
α α α
α
Ω
=
−
Γ
 
= +  
− ⋅ − − ⋅ ⋅


ζ Q F
λ ζ Q D Q   
 φ φ φ
φ
 (28) 
where the potential energy of external forces ( )( )ext tP αφ  contains the contributions from the 
body forces:  
 ( )( ) ( )( ) ( )0ext t t dVαα α αρΩ= − ⋅ B φ φ  (29) 
The present approach is based on the notion of incremental updating of the nonlinearly evolving 
internal variables while in our earlier work on interfacial mechanics we had employed a potential 
function approach with embedded ζ , thereby facilitating the evolution of total ζ  at any instant 
in time. It is to be noted that frictional model incorporated in the present developments for 
damage in comparison gets activated only due to the tangential component of the interface 
traction that triggers local shearing and, in the present context of finite deformation framework, 
local rotational effects. Rotational effects necessitate objective update of the stress and the 
stress-like quantities which is readily facilitated via the variationally consistent pull-back and 
push-forward operations embedded in the derivation of these quantities. However, introduction 
of friction renders the damage evolution flow rule non-associative and therefore requires a rate 
form for the enforcement of normality condition in the evolution of frictional damage. 
Recall the derivation of the expression for the Lagrange multiplier in (18). Substituting (18) 
into (28), we arrive at an expression for the potential energy for multi-constituent material, 
accounting for the interfacial energy, however without explicit appearance of the Lagrange 
multiplier λ : 
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( ) ( )( ) ( ) ( ) ( )( )( ) ( )( )
{ } ( ) ( )
2
1 2 1 2
1
1
, , , ,
1 1
2 2I
t t t t t ext t
s t t t t t
W dV
dA
α
α α
α
Ω
=
−
Γ
 
= +  
 
− ⋅ ⋅ − ⋅ − − ⋅ ⋅  


ζ Q F F
P N + τ ζ ζ Q Q         
 φ φ φ
φ φ D
 (30) 
where W  is the stored-energy function, ext  is the external energy function, 1−D  is the 
hardening/softening tangent compliance tensor, and tQ  is the hardening/softening parameter. 
The last term in (30) appears due to the hardening function   [36] and for simplicity, we have 
assumed   to be quadratic. 
Remark. The potential energy provided in (30) is obtained by substituting the expression of the 
Lagrange multiplier. An important point to note is that explicit appearance of Lagrange 
multiplier λ  which would have been an additional unknown in the system has been substituted 
by consistently derived interface coupling terms that eliminate the additional unknown. In 
addition, equation (30) leads to the stabilized formulation (27) by taking the variational 
derivative with respect to ( )1φ  and ( )2φ . Another example of having a potential energy function 
for elastoplasticity is given in [47]. 
Remark. In our previous work [44], we used potential energy based approach along with solving 
local nonlinear problem to calculate the total residual gap, and this method is being termed as the 
total approach. The incremental approach proposed here has several advantages compared to the 
total approach in [44]. The proposed approach being incrementally objective accommodates 
friction together with other debonding cases in a unified manner. This results in improved 
numerical behavior in the finite strain range than the total approach.  
As illustrated in [33], taking variational derivative of (30) with respect to the inelastic gap term 
ζ , we arrive at the interface traction term that is analogous to the term derived in [44] and is 
defined as: 
 { }  ( ):= ⋅ + −sT P N τ ζφ   (31) 
Note that in the definition of the interface traction term, we use the norm of the stability 
tensor sτ  to maintain the direction of the discontinuity term  ( )− ζφ . This is a simplification 
that enables radial return algorithm for debonding constitutive models that we use in the next 
section. 
Following the ideas from [36], we now use the interface traction (31) to define the damage 
energy dissipation at time ξ ∈  as: 
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 ( )( ){ } ( ) 1: 0P ξ αξ ξ ξ ξ ξ ξ− = ⋅ + − − ⋅ ⋅ ≥  sζ P F N τ ζ Q Q     φ D  (32) 
where ( ){ }, ,αξ ξ ξζ Qφ  must lie within the elastic domain. We emphasize that for any admissible 
deformation map ( )αξφ , the yield surface associated with the yield condition ( ), 0f ξ ≤T Q  is: 
 ( ) ( ) ( ){ }32: , | , 0m fξ ξ= ∈ × ≤T Q T Q    (33) 
Note that the damage yield condition ( ),f ξT Q  is a function of both the interface traction 
T  and the hardening/softening parameter ξQ . We now develop the formulation of total 
dissipation by combining the damage dissipation Pξ  with the damage yield condition ( ),f ξT Q . Thus, the total dissipation up to time t  can be evaluated by integrating over the 
entire interface and for the total elapsed time: 
 ( )( ){ } ( ){ }
I0
,tP Pt f dA dξ
α
ξ ξ ξ ξ ξγ ξΓ  = − + −    sP F N τ ζ Q   φ   (34) 
Here, ξγ is considered the damage consistency parameter, which enforces the admissibility 
constraint (33) at the instant ξ  in time and is taken to lie in the positive cone P  defined as: 
 ( ){ }2 I: |P Lξ ξγ γ= ∈ Γ   (35) 
Now we consider the time-discrete counterpart of functional (34). Taking 1n nt t t t+= = + Δ  as 
the current time level, where nt t=  is the previous time level, we can rewrite the time discrete 
form of (34) along with (32) as follows: 
 
( )( ){ } ( ){ }
( )( ){ } ( ){ }
1
I
1
I
1
1
,
n
n
n
n
tP P
n n t
t
t
dA d
f dA d
ξ
ξ
α
ξ ξ ξ ξ ξ
α
ξ ξ ξ ξ
ξ
γ ξ
+
+
−
+ Γ
Γ
 
= + ⋅ + − − ⋅ ⋅  
 
− + −  
 
 
s
s
ζ P F N τ ζ Q Q
P F N τ ζ Q
     
   
φ
φ
  D
 (36) 
The history of the state variables at the interface over the interval [ ]0, nt  is assumed to be known, 
while the unknown variables at time 1nt +  along with the yield function are denoted as: 
 ( ) ( ){ }1 1 1 1 1: , , , ,1 2n n n n n γ+ + + + += Δχ ζ Qφ φ  (37) 
 ( )( ){ }  ( )1 1 1 1 1: ,n n n n nf f α+ + + + + = + −  sP F N τ ζ Qφ  (38) 
Applying the backward Euler difference scheme to (36) results in the following expressions: 
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( ) ( ) ( ){ } ( ){ }
( ){ }
I
I
1 1 1 1 1 1
1
1 1 1
:P Pn n n n n n n n
n n n n
dA
f dAγ
+ + + + + +Γ
−
+ + +Γ
 = + − ⋅ + − 
− Δ ⋅ ⋅ −


sχ ζ ζ P F N τ ζ
+ Q Q Q
   φ 
D
 (39) 
where : tγ γΔ = Δ  is the incremental consistency parameter. 
We now return to the potential functional (30) and define a discrete variational form for 
interface damage as the total free energy available at time nt  expressed in terms of the total free 
energy at time 1nt +  along with the dissipation during the interval [ ]1,n nt t + : 
 ( ) ( ) ( )( )1 1 1 1 1ˆ : P Pn n n n n n n+ + + + += + −χ χ χ     (40) 
Substituting (30) and (39) in (40) and rearranging, we arrive at the following expression wherein 
all the interface contribution is accumulated in the term ( )1nˆ n+χ   
 ( ) ( ) ( )( )( ) ( )( ) ( )21 1 1 1 1
1
ˆ ˆ: ,n n n n ext n n nW dV Pα α α α
α
+ + + + +Ω
=
 
= + +  χ ζ χ φ φ  (41) 
 
( ) ( ){ } ( )  ( )
( ) ( ){ } ( )
( ){ }
I
I
1 1 1 1 1 1
1 1 1 1
1 1
1 1 1 1 1
ˆ
2
1
2
I
n n n n n n n
n n n n n
n n n n n n
dA
dA
f dAγ
+ + + + + +Γ
+ + + +Γ
− −
+ + + + +Γ
  = + − ⋅ −  
 + − ⋅ + − 
− Δ ⋅ ⋅ − + ⋅ ⋅



s
s
τχ P F N ζ ζ
ζ ζ P F N τ ζ
+ Q Q Q Q D Q
   
   
 φ φ
φ
D
 (42) 
To show that (41) has an underlying variational structure, the next crucial step is to verify that 
the stationary conditions of (41) furnish the weak form of the governing equations for interfacial 
damage. We utilize this weak form in our finite element formulation. Accordingly, we first 
specify the spaces of trial functions for the fields: 
 ( ) ( )( ){ }sd ( ) I( ) ( ) ( ) 1 ( ) ( ) ( ) ( ) ( )\, det 0,nH αα α α α α α α αΓ Γ = ∈ Ω > =  F X φ φ φ φ  (43) 
 ( ){ }sd2 I nLζ = ∈ Γ  ζ ζ    (44) 
 ( ){ }sd2 I nQ L= ∈ Γ  Q Q  (45) 
Then, taking variational derivative [36] of (41) we obtain the following weak forms of the 
governing equations: 
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 ( ) ( ) ( ) ( ) ( ) ( )( )
{ }  ( )  
 ( ) ( ){ }
I
I
2
1
1
1 1
1 1
, GRAD : dV
d
GRAD : d
n n 0 0 0 0
n n n 0
n n n o
f A
f A
α
α α α α α
α
δ ρ
γ
γ
+ Ω
=
+ +Γ
+ +Γ
 = − ⋅ 
 + ⋅ + − − Δ ∂ ⋅ 
 + − − Δ ∂ ⋅ ⋅ 
 


s s
T
T
χ η η P η B
P N τ ζ τ η
ζ η N

φ
φ A
 (46) 
  ( ) ( ) ( )
I
1 1 1, d 0n n n n nf Aδ γ+ + +Γ= − − Δ ∂ ⋅ − = sTχ β ζ ζ τ β  (47) 
  ( ) ( ) ( )
I
1
1 1 1, d 0n n n n nf Aδ γ−+ + +Γ  = ⋅ − + Δ ∂ ⋅ − =  Qχ p Q Q p D  (48) 
  ( )
I
1 1, d 0n n nf Aδ λ λ+ +Γ= =χ  (49) 
that hold for arbitrary displacement variations 0 ∈η  , residual gap variations ζ∈β  , 
hardening variations Q∈p  , and variations pλ ∈ . 
We summarize the Euler-Lagrange equations for interfacial damage in Box 1.  
Box 1. Euler-Lagrange equations for interfacial damage. 
• Equilibrium in the bulk domain, and at the traction boundary: 
 ( )( ) ( ) ( ) ( ) ( )DIV in , 1,2oα α α α αρ α+ = Ω =0P F B  (50) 
• Interface traction equilibrium: 
 (1) (1) (2) (2) Ion⋅ + ⋅ = Γ0P N P N  (51) 
• Interface gap constraint: 
 ( )1 1 0n n nfγ+ +− + Δ ∂ =Tζ   φ  (52) 
• Interface damage flow rule: 
 1 1n n nfγ+ += + Δ ∂Tζ ζ  (53) 
• Interface hardening law: 
 1 1n n Q nfγ+ += + Δ ∂Q Q D  (54) 
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• Kuhn-Tucker consistency condition: 
 1 10, 0, 0n nf fγ γ+ +≤ Δ ≥ Δ =  (55) 
 
To make the discussion precise we now specify damage yield conditions and softening models to 
develop traction-gap relations. In Section 5, we specify the evolution of the internal variables by 
separating the constitutive behavior into two regimes: tension and compression. The tension 
branch is presented in Section 5.1. For the compression case, only the tangential component of 
the interface traction contributes to the debonding of the material. Consequently, we further 
separate compression case into compression damage and compression friction as presented in 
Section 5.2.  
5.  Interfacial Constitutive Models and Corresponding Return Mapping Algorithms 
In the finite element implementation of constitutive models that are based on internal 
variable formulism, the equilibrium equation (46) is enforced weakly. However, the constitutive 
model is considered local and therefore enforced pointwise. Consequently, we strongly enforce 
the yield condition, damage evolution flow rule, and consistency condition at the Gauss points 
along the interface wherein the residual gap ζ  and hardening variable Q  are treated as internal 
variables and are evolved point-wise from nt  to 1nt + . This results in a displacement-driven 
algorithm that is similar to the strain-driven treatment of computational elastoplasticity problems 
[36]. Assuming isotropy, we have adopted the classical return mapping approach to solve for 
( )1 1 1, ,n n nQ+ + +ζφ  in a coupled manner. Details of the return mapping algorithm for the case of 
both tension and compression are described below. 
5.1.  The tension model 
The yield criterion in tension is defined via the following isotropic linear softening model: 
 ( ) ( ), cf Q P Q= − −T T  (56)  
where cP is the critical stress at which debonding initiates, and Q  is the softening stress. 
The relation between the tensile stress and the inelastic gap is shown in Figure 2. The interfacial 
traction T defined in (31) is as follows:  
 { }  ( ):= + −sT PN τ ζφ  (57)  
The flow rule and hardening law under the assumption of isotropy are derived as follows: 
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 ( )fγ= ∂ ∂ζ T  
Normality
,            cQ H γ=   (58)  
where the normality condition f∂ ∂ = =T n T T  defines the unit vector in the direction of the 
interface traction, :c c cH P ζ=  is the negative slope of the softening curve shown in Figure 2, 
and cζ  is the critical residual gap. From (58), we find that :γ = ζ  which implies
( )c c cQ H Pγ ζ= = ζ  , namely that Q  increases proportional to the rate of increase in the 
magnitude of the residual gap. Combining the yield function f  with the Kuhn-Tucker form 
results in the constitutive framework [51]. 
 
Figure 2. Constitutive behavior in tension. 
5.1.1  Return mapping for discontinuity under tensile loading 
To develop the return mapping algorithm, let us focus at a Gauss point along the interface 
intΓ . We assume that the current iterated values of displacements fields in ( )1Ω  and ( )2Ω , 
denoted by ( ),11in +φ  and ( ),21in +φ  respectively, are known, along with the previous converged state 
variables ( ), ,n n nQζφ . The objective is to compute the variables 1n+ζ  and 1nQ +  such that the 
damage yield criterion is satisfied subject to the constraint imposed by the Kuhn-Tucker 
consistency conditions. Accordingly, we focus on the expression for the interface traction and by 
plugging in the interface damage flow rule (53), we rewrite the interface traction as: 
 { }  ( ) { }  ( )1 1n n nfγ+ += + − = + − − Δ ∂s s s TT PN τ ζ PN τ ζ τφ φ  (59)  
From the flow rule evaluated at time 1nt +  we have: 
NSF DMS 16-20231  Annual Report: Year 1 
19 
 
 1 11 1
1 1
n n
n n
n n
f + ++ +
+ +
∂∂ = = =
∂T
T T n
T T
 (60)  
Substituting into (59), we make the following observations on the magnitude and direction of the 
trial and resultant interface tractions: 
 1 1trn n γ+ += − ΔsT T τ     (61)  
where { }  ( )1trn n+ = + −sT PN τ ζφ  is based on the last converged value of the gap function. 
Next, define the trial unit vector 1trn+n  in the direction of 1trn+T  and trial yield criterion 1trnf +  as: 
 11 1
1
tr
tr n
n n tr
n
+
+ +
+
= =
Tn n
T
    (62)  
 ( )1 1tr trn n c nf P Q+ += − −T     (63)  
According to the consistency condition, if 1 0trnf + ≤ , there is no further damage, namely, 0γΔ = . 
However, if 1 0trnf + > , we can compute γΔ  by satisfying the consistency condition. Substituting 
Eqn (54), (61) and (63) in (56), we arrive at the equation for γΔ . 
 
( )
( )
( )
1 1 1
1
tr
1
0 n n c n
tr
n c n c
n c
f P Q
P Q H
f H
γ γ
γ
+ + +
+
+
= = − −
= − Δ − − + Δ
= − − Δ
s
s
T
T τ
τ
    (64)  
Solving (64) for γΔ  yields: 
 ( )
tr
1n
c
f
H
γ +Δ =
−
sτ     (65)  
Substituting (65) in (53), (54), and (59), we obtain the updated values for 1n+ζ , 1nQ +  and 1n+T , 
respectively. This procedure for updating the internal variables is summarized in Box 2, where 
intx  represents the integration point belonging to the interface segment set  . 
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Box 2. Return mapping algorithm for damage evolution under tensile loading. 
• STEP 1: Database at int ∈x : { },n nQζ . 
• STEP 2: Given the stress and displacement jump at int ∈x : { }  { },PN φ  
• STEP 3: Compute the trial stress and test for inelastic damage evolution 
 { }  ( )1trn n+ = + −sT PN τ ζφ  (66) 
 ( )1 1tr trn n c nf P Q+ += − −T  (67) 
   IF 1 0trnf + ≤  THEN 
         Elastic step: Set ( ) ( )1 1trn n+ +=   & EXIT 
   ELSE 
         Damage evolution step: Proceed to STEP 4. 
   ENDIF 
• STEP 4: Return mapping 
 ( )
tr
1 0n
c
f
H
γ +Δ = >
−
sτ  (68) 
 1 1n n nγ+ += + Δζ ζ n  (69) 
 1 1n n c Q nQ Q H fγ+ += + Δ ∂  (70) 
 1 1 1trn n nγ+ + += − ΔsT T τ n  (71) 
 
 
5.2.  Evolution of strong discontinuity under in the compression model 
In order to model contact under compression, the residual gap is not permitted to grow in the 
direction normal to the interface. Consequently, the residual gap   0⋅ =Nφ , where ( )2N = N is 
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the normal vector to the interface. The yield condition is modified as follows: 
 ( ) ( ), T cf Q P Q= − −T T  (72)  
where ( )T = − ⊗T I N N T  is the shearing traction at the interface. The corresponding flow rules 
are defied as: 
 ( )Tfγ= ∂ ∂ζ T  
Normality
,            cQ H γ=   (73)  
where T T T Tf∂ ∂ = =T n T T . When debonding occurs under compressive loading, the effects 
of friction have been found to be significant [1]. Therefore, we enhance the yield model by 
incorporating a yield condition for friction that takes the form [37,51]: 
 ( ) T f Nf Tμ= +T T  (74)  
where NT = ⋅T N  is the contact pressure (positive in tension) and fμ  is the coefficient of 
friction.  
One can combine (72) and (74) into a comprehensive model by employing ideas from 
multi-surface plasticity [36]. Following the computational inelasticity literature, we determine 
the damage/softening or friction criteria that is active, by selecting the one that leads to the 
smallest change in ζ for the given or the current level of traction. Detailed return mapping 
algorithm for the compression loading case is given in Box 3.  
Remark. The flow rule (73) is non-associative when combined with the friction yield condition 
(74) because slip is only allowed in the tangential direction. However, in the present work we 
employ a return mapping strategy that serves as a predictor/corrector algorithm which is widely 
used in the theory of plasticity [36,37].  
5.2.1  Return mapping for frictional constraint under compressive loading 
In compressive loading, the normal traction does not play any role in damage evolution or in 
sliding, and therefore shearing traction is the only component that needs to be considered. In this 
section we only provide the algorithmic treatment for the friction part of compressive loading 
since the damage in compression is form identical to that in the tension case.  
Employing interfacial traction as in (59) and considering only the shearing traction component, 
the definitions for the trial quantities and the consistency parameter are summarized in Box 3. 
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Box 3. Return mapping algorithm for friction under compressive loading. 
• STEP 1: Database at int ∈x : { },n nQζ . 
• STEP 2: Given the stress and displacement jump at int ∈x : { }  { },PN φ  
• STEP 3: Compute the trial stress and test for damage evolution 
 ( ) { }  ( ), 1trT n n+  = − ⊗ + − sT I N N PN τ ζφ  (75) 
 { }  , 1N nT +  = ⋅ + sN PN τ φ  (76) 
 ,1 , 1 , 1ftr trn T n f N nf Tμ μ+ + += +T  (77) 
 ( ),1 , 1ctr P trn T n cf P Q+ += − −T  (78) 
   IF 1 0trnf + ≤  THEN 
         Elastic step: Set ( ) ( )1 1trn n+ +=   & EXIT 
   ELSE 
         Damage evolution step: Proceed to STEP 4. 
   ENDIF 
• STEP 4: Return mapping 
   Calculate incremental consistency parameter γΔ  
 
tr,
1 0
f
nf
μ
γ +Δ = >
sτ  (79) 
 ( )
tr,
1 0
cP
n
c
f
H
γ +Δ = >
−
sτ
 (80) 
      Compare (79) and (80), and select the smaller γΔ  and plug into (81): 
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 1 1n n nγ+ += +Δζ ζ χ  (81)  
 1 1n n c Q nQ Q H fγ+ += + Δ ∂  (82)  
 , 1 , 1 1trT n T n nγ+ + += − ΔsT T τ n  (83)  
 
6.  Consistent Linearization 
Due to the nonlinear interface constitutive models, we need to solve the weak form (27) in an 
iterative fashion using the Newton-Raphson algorithm. The linearization of the bulk material 
terms and the standard DG terms is given in [42]. In the following we primarily focus on the 
linearization of the term related to the interface damage part.  
 
( ) ( ){ }  
( ) ( ) ( )
I
I
( ) ( )
damage 1, , GRAD : do o o s n
o
K f A
u
dA
α α γ
γ
+Γ
Γ
∂  = − ⋅ + ⋅ ⋅ Δ ∂ ⋅Δ   ∂ 
∂ 
= − ⋅ Δ ⋅ Δ ∂ 


Tη ζ η N η τ u
T η n T u
T
 
φ A
 (84)  
where ( ) ( )( ){ }  GRAD : s = ⋅ + ⋅ T N τ   A  is the numerical interface flux. The discussion 
for the linearized tensor expression ( ) γγ γ∂ ∂Δ ∂Δ = ⊗∂ ∂ ∂
nn n +
T T T
, which depends on different 
interfacial constitutive models is presented in Appendix. Along with the standard DG 
linearization terms presented in [42], the final tangent stiffness matrix is shown as follows: 
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The first four terms on the right hand side of (85) constitute the linearized form of the standard 
interface DG method present in [42]. The last two terms are related to the residual gap ζ . 
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Comparing (85) with our previous work in [44], the structural form of the last term is similar. 
However, the key difference is that we use return mapping algorithm to calculate the incremental 
value of ζ  at integration points as given in Box 2 and 3.  
Remark. The tangent stiffness matrix (85) remains symmetric if the loading scenarios only 
induce tensile and/or compressive debondings. For compressive frictional case, it is not 
symmetric thereby necessitating an incrementally imposed normality ( )Tf∂ ∂T  condition in the 
yield function ( ),f QT . 
7.  Numerical Results 
This section investigates the performance of the proposed interface method across a range of 
deformation modes. We have employed standard linear Lagrange polynomials and two and 
three-dimensional test problems are considered. All integral expressions over surfaces and 
volumes are evaluated using quadrature rules of sufficiently high order. A common neo-Hookean 
material model is employed, and the strain energy density function is given as follows: 
 ( ) ( )( ) ( )21 1tr 3 ln 12 2TW J Jμ μ λ= − − + −F F F  (86)  
We first present results for test cases wherein continuity is weakly enforced at specific 
bi-material interfaces with the gap ζ  and this corresponds to the formulation derived in 
Sections 2 and 3. The treatment of the evolution for ζ  is discussed in Sections 4 and 5.  
Remark. In the numerical tests presented below, we indicate the interfaces across which the 
weakly imposed continuity conditions are imposed. For discussion on the algorithmic treatment 
of generating interfaces within finite element meshes, reader is referred to [48]. 
7.1.  Patch Tests 
7.1.1  Interfacial debonding under tension 
We begin with a simple patch test to verify variational consistency of the interface damage 
formulation. Two blocks of 1 3mm  modeled via one brick element each are separated by an 
interface along which the proposed stabilized interface method is employed, as shown in Figure 
3. The material properties used in the neo-Hookean model (86) are 5 GPaE =  and 0.25ν = . 
Prescribed tip displacement 0.4 mmδ =  is applied at all the nodes at the right surface of the 
domain. Boundary conditions applied on to the left face create a state of uniform tensile stress 
throughout the domain. Symmetric roller boundary condition is applied on the top surface to 
prevent rigid body motion. For the evolution of damage, we set the critical stress c 100 MPaP =  
and critical inelastic gap 0.2 mmcζ =  .  
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Figure 3. Description of the patch test problem. 
The relation between the tension at the right surface and the opening at the interface is 
shown in Figure 4, which matches exactly the behavior shown in Figure 2 for the softening 
response. As the magnitude of the applied displacement at the right end is increased, the induced 
traction increases up to the critical stress c 100 MPaP =  and at that point the interfacial 
debonding gets activated, giving rise to a softening response under progressive debonding. 
 
Figure 4. Traction-gap relation between induced traction nT  and the residual gap nζ . 
Figure 5 represents contour plots of the axial stress for various load levels that is overlaid on 
the corresponding deformed configurations. Because of isotropic material properties and due to 
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the applied BCs that produce uniform axial deformation, the axial stress field is constant over the 
domain. In Figure 5(a), the stress in the elements has not yet reached the critical stress, thus the 
two blocks are perfectly bonded together. In Figure 5(b), the displacement gap at the interface is 
significant enough to be noticed for this large deformation test, and the traction is smaller as 
compared to that in Figure 5(a) due to the damage softening effects. Once the gap between these 
two blocks exceeds the critical inelastic gap cζ , which is shown in Figure 5(c), the two blocks 
are independent and no longer interact with each other. At this stage the two blocks are 
completely unloaded and there is no traction between them.  
  
(a)                 (b)  
 
(c) 
Figure 5. Contour plots of the traction  at three different steps: (a) 0 mmζ = ;(b) 
0.0998mmζ = ; (c) 0.26mmζ = . 
Table 1 presents the Euclidean norm of the out-of-balance force vector computed at each 
iteration during the Newton-Raphson solution procedure in step 6 when 0.0747 mmζ = . The 
nT
NSF DMS 16-20231  Annual Report: Year 1 
27 
 
observed quadratic rate of convergence numerically confirms consistent linearization and the 
derivation of the consistent tangent presented in Section 6. 
Table 1. Evolution of residual 2l  norm for the patch test.  
Iteration 
Number Residual Norm 
1 12.8833671 10×  
2 12.9488081 10−×  
3 52.5465645 10−×  
4 137.6179649 10−×  
7.1.2  Debonding under compressive shear 
The second patch test is comprised of two blocks with an inclined interface as shown in Figure 6. 
The material properties are same as in the previous section, with the prescribed displacement  
0.2δ = − mm applied at all the nodes at the right surface to induce a compression load on the 
right block. 
 
Figure 6. Geometry for patch test with inclined interface. 
Figure 7 shows the axial stress contour plots for three load steps. At the inclined interface, the 
tangential component of traction increases up to the critical value due to the applied compressive 
displacement as shown in Figure 7(a) and thereafter triggers the compression damage process 
which leads to the sliding of the right block as shown in Figure 7(b). At the final step, the right 
block slides down after the tangential shear overcomes the frictional resistance and the stress 
reduces to zero as shown in Figure 7(c).  
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(a)                 (b)  
 
(c) 
Figure 7. Contour plot of the axial stress xxσ  at three different steps: (a) 0. 08mmd = − ; (b) 
0.12mmd = − ; (c) 0.2mmd = − . 
Table 2. Stability parameter sτ  for different load steps. 
Load step Interface A Interface B 
1 51.3182 10×  51.2769 10×  
2 51.3207 10×  51.2801 10×  
3 51.3234 10×  51.2836 10×  
4 51.3229 10×  51.2829 10×  
5 51.3182 10×  51.2769 10×  
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Table 2 shows the evolution of the stability parameter sτ  for different load steps. The 
stability value drops for both interfaces at last step because of switching from compression 
damage branch to the friction branch. Since the derived sτ  embeds the concepts of area 
averaging and stress averaging, due to the difference in the element size, the computed values 
show slight variability that is however within 1%, thus validating the consistent derivation of this 
stability parameter as a function of the evolving geometric and material nonlinearity.  
7.2.  Fiber matrix debonding under transverse loading 
This test case is for fiber-matrix debonding under transverse axial loading. The bulk material 
parameters for the fiber and matrix are: 40GPa, 0.4f fE υ= =  and 10GPa, 0.33m mE υ= = , 
respectively. As shown in [17], due to the damage at the interface, there is stress concentration in 
the matrix near the interface. Therefore we assume that debonding, once initiated at the 
fiber-matrix interface, can trigger failure inside the matrix as well. Conversely, material failure 
via fracture can also get initiated in the matrix which can then trigger bimaterial debonding. 
Since the fiber is invariably much stronger than the matrix material, it is assumed that fiber 
remains intact during damage evolution. In addition, crack in the matrix is assumed to propagate 
along the element edges, and in the current implementation, crack propagation through the 
elements is not considered [30]. 
The interface properties for debonding are as follows: critical stress fc 10MPaP =  for 
fiber-matrix interfaces, and mc 30MPaP =  for inter-element debonding within the matrix. The 
critical inelastic gap 0.2 mmcζ = . Boundary conditions are shown in Figure 8(a); plane strain 
conditions are applied for the z direction. We apply a displacement increment 410 mmu −=  at 
both left and right surfaces at each step. The cross section of the unstructured mesh that is 
comprised of brick elements is shown in Figure 8(b), 
       
  Figure 8. Fiber-matrix debonding problem: a) Problem description; b) Hexahedral element 
mesh. 
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Figure 9 shows stress versus strain plot in the direction of the applied loading. The stress is 
obtained by summing up stresses from all the elements within edges coincident with the left and 
right surfaces. Since only small deformations are induced, engineering strain is chosen for 
expressing the results, which is evaluated as the displacement divided by the original length. One 
can see the four critical stages as a function of the evolution of interfacial debonding and matrix 
cracking. The contour plots corresponding to these four stages are shown in Figure 10 where 
displacement field is magnified twenty times to clearly show the process of debonding. The 
fracture process starts from a state of perfectly bonded fiber and matrix interface and debonding 
initiates when interfacial stress reaches the critical stress level as shown in Figure 10(a). Then 
through stage 2 to stage 3, the cracks start to kink into the matrix and grow orthogonal to the 
direction of principal stress until they reach the edges as shown in Figure 10(b) and Figure 10(c). 
Finally, multiple cracks initiate inside the matrix that triggers failure of the material as illustrated 
in Figure 10(d). The overall behavior is consistent with the response reported in [30]. 
 
  Figure 9. Force-displacement curve for the various stages of the material interface evolution. 
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(a)                 (b)  
 
(c)         (d) 
Figure 10. Contour plots of the stress xxσ  at four different stages: (a) Initiation of 
fiber-matrix interfacial debonding; (b) Crack kinking into the matrix; (c) Crack propagation 
orthogonal to the principal stresses; (d) Multiple cracking and material failure. 
Figure 11 shows the plot of the normal component of the displacement gap at interface between 
the fiber and the matrix. The angle θ  is measured as shown in Figure 8(a). A comparison of 
stress versus applied displacement plot with results presented in Nguyen [30] is shown in Figure 
12, and a good comparison during the four steps of the evolution of the problem is attained.  
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Figure 11. Normal gap between fiber and matrix around the interface.  
 
Figure 12. Stress vs. applied displacement plot. 
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7.3.  Tearing of bimaterial interfaces 
This test case presents tearing of bimaterial interface between a soft and a hard material. This 
problem is inspired by the stretching of a cracked plate in finite elasticity [38, 24], and due to 
large difference in mechanical material properties it serves as a model problem for tearing of 
tendons from the bone under excessive mechanical stresses. In this test case, the two plates have 
an existing partial crack along the interface. Spatial dimensions and boundary conditions are 
shown in Figure 13. The bottom plate that is comprised of the softer material has same 
dimensions as in [24] and the proposed interface formulation is employed along the bimaterial 
interface between the hard and soft material. A given displacement field is applied at the bottom 
surface of the lower plate that produces 100% strains as shown in Figure 13.  
 
(a)                                     (b) 
Figure 13. Tearing along soft and hard material interface: (a) original state; (b) deformed state. 
We have employed two different material types to study the effects of the material on interfacial 
debonding evolution: (a) the standard Neo-Hookean material as in (86) for both the plates, and 
(b) Ogden-type material in (87)-(88) for the bottom plate. In the latter case the top plate is still 
modeled with the Neo-Hookean material.  
The material properties are listed in Table 3. Young’s modulus for the top plate is four times 
larger than that for the bottom plate to simulate the stiff and soft material response. We have 
employed three meshes with successive refinements to test the robustness of the method. For the 
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coarse discretization, mesh size is 24 20×  for the bottom plate, while for the top plate the mesh 
discretization is 24 10× . For the medium mesh, discretization size is 48 40×  for the bottom 
plate and 48 20× for the top plate. For the fine mesh, discretization is 96 80×  for the bottom 
plate and 96 20×  for the top plate. We want to point out that the objective in this problem is to 
test the stability of the numerical method for coarse meshes, and we note that this solution may 
not accurately resolve the crack tip stresses and the crack velocity.  
Table 3. Coefficients for the two materials. 
Neo-Hookean Material  
Top plate Properties Bottom plate Properties 
2( N /m m )mE  16000   2(N/mm )fE  
4000   
mυ        0.44  
fυ  0.44   
Damage properties ( )P MPac  ( )mmcζ   
 200 0.2  
Ogden-type Material Bottom plate 
/c mα α  6.3  0.012  0.010−  
mα  1.3  5.0  2.0−  
Damage properties ( )P MPac  ( )mmcζ   
 20 0.2  
In Figure 14 and Figure 15, we plot the contours of yyσ  at different steps during the evolution 
of the problem for different mesh refinements. These figures exhibit the process of tearing of the 
soft material from the hard material, where the problem is run with an applied displacement at 
the bottom. The pattern of the tearing process for coarse and fine mesh is almost identical, which 
numerically verifies the robustness of the proposed method. For plotting purpose the range of 
stress is kept the same in order to obtain an objective comparison between the various frames. 
Figure 14(a) shows initiation of the tearing process at around 4% applied strain. Figure 14(b) 
shows stress concentration at the crack tip at 10% strain. The process of tearing along bimaterial 
interface evolves with an increase in applied strain and finally the two plates are almost 
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separated as shown in Figure 14(d). We can also see that there is jump in the value of stress 
across the interface, while the stress is continuous within each of the two subdomains. 
  
(a)                 (b)  
  
(c)      (d) 
Figure 14. yyσ  contour plots for different load steps in the tearing of bimaterial interface 
(Neo-Hookean material; Coarse mesh): (a) 4%ε = ; (b) 10%ε = ; (c) 14%ε = ; (d) 
14.8%ε = (last step). 
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(a)                 (b)  
 
(c)      (d) 
Figure 15. yyσ  contour plots for different load steps in the tearing of bimaterial interface 
(Neo-Hookean material; Medium mesh): (a) 4%ε = ; (b) 10%ε = ; (c) 14%ε = ; (d) 
14.8%ε = (last step). 
The plot of the gap/opening at the bimaterial interface for various load steps is given in Figure 16 
with three different mesh refinement levels. With reference to the increasing distance of the crack 
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tip from the left end, the opening gradually increases due to the stretch applied at the bottom. The 
computed results from the coarse and the fine mesh match which is a numerical manifestation of 
the robustness of the method for relatively cruder discretizations.  
 
Figure 16. Gap/opening evolution plots for different load steps in the tearing of bimaterial 
interface (Neo-Hookean material; coarse, medium and fine mesh): (a) 0%ε = ; (b) 2.6%ε = ; 
(c) 10%ε = ; (d) 14%ε = ;  
In Figure 17, we plot the normal component of interfacial stress and the vertical gap measured at 
the location point of the original crack tip. The stress plot follows the traction gap relation which 
is shown in Figure 2. 
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Figure 17. Normal traction at the interface vs. yδ  plot. 
Figure 18 shows the spatial distribution of the fine scales along the interface during the loading 
process. The absolute value of the fine scales is not significant, while around the separation zone 
the magnitude of the fine scales is relatively high which indicates that the contribution from the 
fine scale model is higher in this zone. As presented in [23], these post computed fine scales also 
serve as a measure of local error in the solution, and the magnitude of the fine-scale error is a 
measure of the accuracy of the solution at the interface. 
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Figure 18. Fine scale error along the interface plot. 
We repeat the problem where, instead of using the standard Neo-Hookean material for both stiff 
and soft plates, for the lower plate we use a three term Ogden-type material that matches the 
material response of rubber type material [24]. The strain energy function for the Ogden-type 
material is: 
 ( ) ( ) ( )3 1 2 32
1
3m m mcW C U J
m
α α αα
α α
λ λ λ κ
=
 
= + + − +       (87)  
 ( ) ( )1 1 1 ln2 2 2U J J J = − −    
(88)  
where αλ  is the deviatoric principal stretch. The material constants cα  and mα , and elastic 
modulus and Poisson ratio which are used to compute the Bulk modulus κ  are given in Table 3.  
The contour plots for stress evolution and the corresponding process of tearing of bimaterial 
interface are shown in Figure 19 and Figure 20. It can be seen that as compared to the behavior 
of the standard Neo-Hookean material given in Figure 14, Ogden type material is easily 
stretchable that results in crack blunting and therefore prevents the crack from propagating as 
shown in Figure 19. Stress concentration at the crack tip and discontinuous stress field around 
the interface are shown in Figure 19, and these can be contrasted with the neo-Hookean material 
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present in Figure 14.  
  
(a)                 (b)  
  
(c)    (d) 
Figure 19. yyσ  contour plots for tearing of bimaterial interface for Ogden-type material 
(Coarse mesh): (a) 4%ε = ; (b) 10%ε = ; (c) 16%ε = ; (d) 19%ε = (last step). 
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(a)                 (b)  
  
(c)    (d) 
Figure 20. yyσ  contour plots for tearing of bimaterial interface for Ogden-type material 
(Medium mesh): (a) 4%ε = ; (b) 10%ε = ; (c) 16%ε = ; (d) 19%ε = (last step). 
Unlike the behavior of Neo-Hookean material shown in Figure 16, Ogden type material easily 
undergoes large stretching. This reduces the stresses intensity at the tip of the propagating crack, 
and therefore triggers crack arrest. Results from the three different levels of mesh refinement are 
plotted, and they all converge to the response for the fine mesh, as shown in Figure 21. 
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Figure 21. Gap/opening plot for tearing of bimaterial interface for Ogden-type material 
(Coarse, Medium and Fine mesh): (a) 4%ε = ; (b) 10%ε = ; (c) 19%ε = . 
Figure 22 presents the interfacial fine scales along the biomaterial interface for various applied 
strains, which also highlights the high accuracy of the computed solution and manifests the 
precise enforcement of the interfacial conditions. 
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Figure 22. Fine scale error along the interface plot. 
7.4.  Fiber push-out test 
The last test case is a comprehensive problem that involves all three kinematic modes arising in 
interfacial debonding, i.e., damage in tension, damage in compression, and frictional sliding in 
compression. Matrix is comprised of EPON 828/DETA epoxy material and we provide a 
comparison of the computed solution with the numerical and experimental data presented in 
Bechel and Sottos [5].  
Pushout tests are carried out to determine the strength of the bonded interfaces under shear 
stresses [5]. Consequently, this is a problem of practical interest to model fiber-matrix interface 
and to quantify the evolving interfacial debonding and therefore the strength and integrity of 
fibrous composites at microscopic level [18]. In the experimental setup, a single fiber embedded 
in the matrix is pressed by a punch until it is pushed out of the composite. The 
force-displacement history of the punch is recorded and thereafter is used to compute interface 
properties such as fracture toughness and the coefficient of friction [18]. A schematic 
cross-section of the experimental setup is shown in Figure 23. The dimensions of the specimen 
as shown in Figure 23 are 0.95 mmfr = , 4.3 mmmr = , 5.36 mmH = , and 1.025 mmsr = . 
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Figure 23. Pushout test problem description, cross-sectional view [5]. 
The three-dimensional finite element mesh is shown in Figure 24. Trilinear hexahedral elements 
are employed for the matrix and the fiber, and the DG method with residual gap as an internal 
variable is used along the composite interface. To numerically evaluate the interfacial quantities 
four integration points are employed in each interface “element”. A quarter of the cylindrical 
domain is modeled with 2,125 elements in the fiber and 9,775 elements in the matrix, with 25 
elements through the height of the specimen. The material properties for the fiber and matrix are 
listed in Table 4; critical stress and critical inelastic gap which are interface properties are taken 
as 222 N /m mcP =  and 0.011 mmcδ = , respectively, to match the study presented in [18,1,5].  
 
Figure 24. Mesh for the pushout test. 
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Table 4. Material properties of the fiber and matrix. 
Material Youngs modulus Poisson ratio 
Matrix 2(N/mm )mE  4000  mυ  0.33  
Fiber 2(N/mm )fE  2500  fυ  0.35  
This simulation is performed in two steps. To model the manufacturing stage (initial stage), a 
constant thermal strain field equal to th 0.0022ε = −  is applied to the matrix to replicate the 
shrinkage effects that occur during the curing phase, and this value is an experimentally 
measured value reported in [5]. To model the mechanical loading stage (second stage), a 
prescribed displacement along the fiber axis is applied to the top surface of the fiber, 
representing the application of the punch load P . The maximum displacement applied is 
u 0.174 mmy = − . The corresponding associated force is computed by summing the reactions 
computed at the nodes at the top surface of the fiber. 
7.4.1  Evolution of stress and interfacial damage 
Contour plots of the maximum principal stress and shear stress for the two loaded 
configurations are presented in Figure 25 and Figure 26. The initial residual stress pattern caused 
by the shrinkage of the matrix is shown in Figure 25(a) and Figure 26(a). At the initial stage, due 
to the thermal strain thε  in the matrix, the top region of the interface is under tension, which 
causes the debonding under tension. As can be seen in Figure 25(a) and Figure 26(a), elements at 
the interface near the top are undergoing relatively large positive traction that validates tangential 
debonding near the top of the interface. The value of the shear stress in Figure 25(b) is found to 
be closer to the critical stress, indicating that debonding gets triggered at the top. Also, the 
location of the maximum value of the shear stress tends to occur near the evolving front of the 
debonded interface. In Figure 25(d) and Figure 26(d) that correspond to the last step of the 
simulation, the computed displacement field in the fiber is shows a lack of connectivity between 
these two constituents. Accordingly, the force also gradually reduces and at this stage, the fiber 
and matrix are completely separate from each other and any remaining interfacial interaction 
force is due to the frictional sliding along the bimaterial interface. 
 
NSF DMS 16-20231  Annual Report: Year 1 
46 
 
 
(a) 
(b) 
 
(c) 
 
(d) 
Figure 25. Shearing stress (MPa) contours at four load levels: (a) Initial step; (b) Initiation of 
debonding ( 98.62 NP = ); (c) Maximum sustained force ( 412.21NP = ); (d) Final stage 
( 105.52 NP = ) 
       
(a)                    (b)  
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(c)                    (d)  
Figure 26. Maximum principal stress (MPa) distribution at four load levels: (a) Initial step; (b) 
Initiation of debonding ( 98.62 NP = ); (c) Maximum sustained force ( 412.21NP = ); (d) Final 
stage ( 105.52 NP = ) 
In Figure 27, we provide this unique property of our method that can indicate the corresponding 
interface kinematic model that is active for any interfacial element at the different load levels. 
From Figure 27 (a) to Figure 27 (d), the top elements at the interface switch from 
damage-tension to damage-compression and finally to the frictional sliding model, which 
matches exactly the loading process from the initial step to the final load step. 
 
(a) 
 
(b) 
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(c) 
 
(d) 
Figure 27. Tracking of damage propagation at four load levels: (a) Initial step; (b) Initiation of 
debonding ( 98.62 NP = ); (c) Maximum sustained force ( 412.21NP = ); d) Final stage 
( 105.52 NP = ) 
7.4.2  Evolution of punch force and debond-length curve 
The time-history of the applied punch force versus displacement at the top surface of the fiber is 
plotted as the red curve in Figure 28, and the results compare well with the experimental and 
numerical results presented in references [18,1]. The slopes of the curves in the initial loading 
region were computed to be approximately 8,800 N/mm. The figure shows that the proposed DG 
method can model debonding behavior and trace the curve successfully. As stated in Alfano [1], 
when the force reaches its maximum value, debond evolution becomes unstable. Thus in [1], a 
secant method is used to numerically model the sudden decrease in force as observed in the 
experiment. Unlike the method in [1], our VMDG method can model the sudden jump in the 
force automatically. In our method, we have the critical inelastic gap as the variable that controls 
the softening process in the material. Therefore, without switching to another numerical solver 
such as the secant method [1], a force curve with stiff slope in the softening process is obtained 
as shown in Figure 28, which matches well the rapid drop in force as presented in Lin [18] and 
Alfano [1]. 
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  Figure 28. Force-displacement curves for mechanical stage 
The relation between the debond length versus the punch displacement is shown and compared 
with Lin [18] and Alffano [1] in Figure 29, and a good comparison is attained.  
 
Figure 29. Debond length versus punch displacement  
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7.4.3  Parametric study 
As illustrated in [18], many parameters affect the overall performance of this push-out test. 
For further investigation of the robustness of our method, we study the effect of different 
/ Ef mE  ratios and friction coefficients fμ . The force-displacement curves for different Young’s 
modulus ratio and for different friction coefficient fμ  are given in Figure 30 and Figure 31. In 
Figure 30, the maximum force attained for / E 0.625f mE =  and / E 2.5f mE =  is in the same 
range while for / E 6f mE = , the maximum force that the interface can sustain, drops. Likewise, 
the force vs. punch displacement plots for different friction coefficient are presented in Figure 31. 
As the friction coefficient fμ  represents the strength of the bonding at the interface between 
fiber and matrix, for a given punch displacement the interfacial force sustained at the interface 
increases as friction coefficient increases. Furthermore the punch displacement that leads to 
interfacial failure also increases, as shown in Figure 31.  
 
Figure 30. Force vs. punch displacement for various / Ef mE  ratio 
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Figure 31. Force vs. punch displacement for various frictional coefficient fμ  
8.  Conclusion 
We have developed a Variational Multiscale DG (VMDG) formulation for strong 
discontinuity and interfacial debonding in multi-constituent materials at finite strains. A 
significant contribution of the method is a consistently derived Lagrange multiplier field as a 
function of interface tractions and evolving gap function. It is weighted by the evolving stability 
tensor which is a function of the nonlinearly evolving material and geometric parameters, thus 
accommodating the notions of area averaging and stress averaging. Appearance of the gap 
function in the expression for the Lagrange multiplier and therefore in the evolving finite-scales 
provides a natural mechanism to embed physics based models as well as phenomenological 
models for progressive failure under various loading scenarios. This is a significant contribution 
of the present work and sets it apart from any numerical methods that have been proposed for 
interfacial kinematics of finitely deforming embedded interfaces with evolving gaps and 
discontinuities. The proposed method allows treatment of the interface constitutive behavior 
through yield functions and flow rules that are inspired by the literature from plasticity. In the 
present method the combination of damage and friction along the debonding surfaces is easily 
accommodated by borrowing concepts from multi-surface plasticity. Also, rate dependency and 
other advanced phenomena can be easily treated in the new framework. Specially, the proposed 
method avoids using cohesive elements that can introduce artificial elastic interface stiffness that 
affects the consistency and therefore the stability of the method. With the fine-scale models 
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evolving with the material and geometric nonlinearity exhibited in the vicinity of the interface, 
the algorithmic interface parameters are updated continuously through the evolution of the 
nonlinear problem. Several interfacial kinematic modes involving tension debonding, evolution 
of normal gap, and compressive frictional sliding are considered and corresponding algorithmic 
generalizations are presented. The proposed consistent derivation that variationally embeds the 
interfacial kinematic models is crucial to the derivation of consistent tangent tensors that result in 
quadratic convergence rates when employed in the Newton Raphson method. A series of 2D and 
3D benchmark problems is presented that show the numerical attributes of the method and 
seamlessly track the various interfacial debonding modes in the finite strain context. 
 
Appendix A 
In order to achieve quadratic convergence with the Newton-Raphson method for the nonlinear 
equation (85), we need consistent linearization of the term which is related to the damage part. 
 ( ) ij
i j
nn
T T
γ γγ γ γ ∂∂ ∂Δ ∂ ∂ΔΔ = ⊗ = + Δ
∂ ∂ ∂ ∂ ∂
nn n+
T T T
 (89)  
According to Section 5.1.1 and 5.2.1, the return mapping algorithms and the corresponding 
expression for the damage consistency parameter γΔ  and the unit normal n  are different for 
different loading scenarios. Therefore, we first consider the case of damage in tension. Note that 
compression damage case follows a similar pattern. For the case of damage in tension, from the 
expressions in Box 2, the yield function f and the damage consistency parameter γΔ  are 
expressed in (67) and (68), equation (89) becomes: 
 ( ) ( )1 c n
P c
P Q
r H
γ
 
−∂ Δ = − − ⊗  ∂ −  
n I I n n
T T
 (90)  
For compression friction case, the yield function and the damage consistency parameter are 
expressed in (77) and (79): 
Thus (89) becomes: 
 ( ) ( ) ( )1 1f N T T f T
p T p
T
r T r
μγ μ
 ∂ Δ = + − ⊗ − ⊗ + ⊗ ∂  
n I I n n I N N n N
T
 (91)  
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